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Abst ract - -A  polynomial map of complex n-space to itself is invertible if it is nonsingular and 
proper on each of a suitable collection of lower dimensional submanifolds. For n = 2, it suffices to 
have properness along a single connected component of a fiber of a component map. 
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1. INTRODUCTION 
Let k be a field of character ist ic zero. The famil iar Jacobian Conjecture asserts that  a polynomial  
map F : k ~ --* k ~ is an automorphism (that  is, has a polynomial  inverse) if, and only if, the 
Jacobian determinant  of F is a nonzero constant [1]. The Jacobian conjecture is unsett led for 
any value o fn  > 1, even for k = ~ or k = C. For polynomial  maps F = (P ,Q)  : C 2 ~ C 2, 
Druzkowski [2] and Ch~dzyfiski and Krasifiski [3] showed independent ly  that  F is an automor-  
phism if it is nonsingular (i.e., has a nowhere van ish ing- -and  hence, nonzero constant - - Jacob ian  
determinant)  and if its restr ict ion to a fiber of P ,  say P - l (0 ) ,  is proper.  Here proper is used in 
the topological  sense: a map for which the inverse images of compact  sets are compact.  
Let h = (f ,  g) : N --* L × M be a map of connected complex algebraic manifolds that  is 
regular in the sense of algebraic geometry (polynomial  in terms of local affine coordinates).  Let 
A (respectively, p) denote a connected component of a fiber of the component map f : N -~ L 
(respectively, g : N --~ M) .  Suppose that  h is nonsingular (equivalently, a local homeomorphism),  
and that  L and M are s imply connected. In this s ituation, if h is proper on a single A and on 
every tt such that  A ~ # ¢ @, then h is a homeomorphism (Theorem 4.4). In part icular ,  a 
nonsingular polynomial  map C n --~ C n = C l × C m with such a partial properness property  is 
univalent (and hence, by a well-known result [1], it has a global polynomial  inverse). For the case 
l = m = 1, hence n = 2, a substant ia l ly  better  result is available: the map is invertible if there 
is a single A or tt on which the map is proper,  and moreover h is proper on any A or p which is 
s imply connected (Theorem 5.6). 
The proof of Theorem 4.4 uses theorems from [4] on local homeomorphisms from one connected 
topological  manifold to a product  of two others. A proper local homeomorphism of connected 
topological  manifolds is a covering map (a theorem general ly a t t r ibuted to Hadamard  [5]). The 
theorems in question may be considered as general izat ions of the Hadamard  theorem to s i tuat ions 
involving part ia l  properness. They require an overlap condit ion on fibers that  always holds in the 
complex algebraic case because the restr ict ion of one component map to a fiber of the other is 
dominant  on every connected component.  The proof of Theorem 5.6 is more direct, and is based 
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on a theorem of Gwoldziewicz that nonsingular polynomial maps of C 2 to itself are invertible if 
they are injective along a line. 
The companion paper [6] applies the topological theorems cited to maps of the real plane R 2 
to itself (and illustrates the results using Pinchuk's recent counterexample to the strong real 
Jacobian conjecture [7]--a polynomial map from R 2 to itself that has a nowhere vanishing (but 
nonconstant) Jacobian determinant and is not univalent). 
2. RELATED WORK 
Let F -- (P, Q) : C 2 -* C 2 be a polynomial map with a nonzero constant Jacobian determinant. 
A number of papers in recent years deal with the fibers of a component map in this context. 
Kishimoto and Nowicki [8] show that if a single fiber of P is an (algebraically) embedded complex 
line in C 2 then F has a polynomial inverse. In the course of Stein's proof that the Analytic 
Jacobian Conjecture (concerning entire functions of two variables) implies the standard two- 
dimensional Jacobian conjecture over C [9,10], he shows that if the fibers of P (or just their 
connected components) are all simply connected, then F has a polynomial inverse. Kaliman [11] 
shows that all maps F as above have a polynomial inverse, if the result is known whenever all 
the fibers of P are irreducible. Ch~dzyfiski and Krasifiski [3,12] show first that F is invertible if 
it is proper where PQ = 0, and later that F is invertible if it is proper where P -- 0 (and thus, 
if it is proper on any one fiber of P). Druikowski proves the latter result independently in [2]. 
Global univalence has also been shown to follow from injectivity on other types of subsets of C2: 
Gwoldziewicz [13] proves that F has a polynomial inverse if it is injective on any line contained 
in C 2. 
3. TOPOLOGICAL  PREL IMINARIES  
A topological manifold is a topological space that is Hausdorff, locally Euclidean, and has 
a countable basis for its topology. Let L, M and N be connected topological manifolds, of 
dimensions l ,m and n, respectively. Let h --- ( f ,g)  : N --~ L x M be a local homeomorphism 
(so that n = l + m). Recall that a map is called simple if it has connected fibers. The following 
definition and theorems ummarize the results of [4] that will be needed later. 
DEFINITION 1. A fiber e = g- l (v )  of g is an overlap fiber if any two connected components #, #t 
of e contain points p, p', respectively, with h(p) = h(p') (equivalently, f(p) -- f(p')).  
THEOREM 3.1. (SIMPLE UNIVALENCE THEOREM.) Let h = (f ,g) : N --* L x M be a local 
homeomorphism of connected topological manifolds. Let A be a connected component of a fiber 
f - l (u ) .  Then h is globMly univalent and g is simple if, and only if, the following three conditions 
axe all satisfied: 
(1) g is one-to-one on A, 
(2) f is one-to-one on the connected components of fibers of g that intersect A, and 
(3) a11 fbers of g axe overlap fibers. 
The following is an analogue of Hadamard's theorem (on proper local homeomorphisms) for 
partially proper maps to a product of simply connected manifolds. 
THEOREM 3.2. (PARTIAL PROPERNESS THEOREM.) Let h = (f ,g) : N --* L x M be a local 
homeomorphism of connected topological manifolds, with L and M simply connected. Let A be 
a connected component of a fiber f-l(u). Then h is a global homeomorphism if, and only if, the 
following three conditions are all satisfied: 
(1) g is proper on A, 
(2) f is proper on the connected components of fibers of g that intersect A, and 
(3) all fibers of g axe overlap fibers. 
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4. NONSINGULAR MAPS OF 
COMPLEX ALGEBRAIC  MANIFOLDS 
A complex algebraic manifold will be defined here as a Zariski open subset of a projective or 
afiine complex algebraic set that is a complex manifold when regarded as an analytic space. In 
particular, it need not be irreducible or connected. Unless qualified, statements about topolo- 
gies will refer to the strong (complex manifold) topology. For other definitions and unattributed 
results, refer to [14,15]. A holomorphic map of complex algebraic manifolds is a local homeo- 
morphism at a point if, and only if, it is nonsingular at the point (the Jacobian determinant of 
the map in local analytic coordinates is not zero at the point). A regular map F : V --* W of 
complex algebraic manifolds (one that is polynomial in terms of Zariski-local affine coordinates) 
has a constructible image. If W is irreducible, then any constructible subset of W that contains 
an open set is dense in W. So if F : V --* W is a regular map of irreducible complex algebraic 
manifolds that is a local homeomorphism, then it follows that F has dense image. In fact, the 
image of F is open, and its complement is a proper algebraic subset of W (this follows from 
the fact that a closed affine constructible set is algebraic). This should be contrasted with the 
situation for holomorphic maps: there is a well-known example, due to Fatou and Bieberbach, 
of a holomorphic map F : C 2 --* C 2 which has a constant nonzero Jacobian determinant and 
for which F (C  2) omits an open subset of C 2 [1]. In the case of a regular (i.e., polynomial) local 
homeomorphism from C n to itself, it can be shown that the complement of F(C '~) in C ~ has 
dimension less than n - 1 (and not just less than n) [16]. (No corresponding result for real 
polynomial maps has been established; note that the complement of the image of the Pinchuk 
map from R 2 to R 2 is of real dimension zero [6], and hence, does not rule out such a result.) 
FACT 4.1. Let X be a nonsingular algebraic subset of a complex algebraic variety. Then the 
connected components of X (in the strong topology) are its irreducible algebraic omponents. 
This is a well-known result. A weak form is that connectedness is the same in the strong and 
Zariski topologies [15]. Since X is nonsingular, its irreducible components do not intersect (for 
any such point of intersection would be singular), and hence, are connected components in the 
Zariski topology. Removing the finitely many irreducible components of X one at a time yields 
the claimed fact. Note that the real counterpart of this fact is false (consider the hyperbola 
xy = 1). 
LEMMA 4.2. Let L, M and N be connected complex algebraic manifolds, let h = (f, g) : N -~ 
L x M be a regulax local homeomorphism, let )~ be a connected component of a fiber f - l (u ) ,  
and let ~ : A --* M be the restriction of g to A. Then 
(1) A is an irreducible algebraic omponent of the fiber f -1 (u), and 
(2) ~ has dense image. 
PROOF. Let X = f -  1 (u). Then X is a nonsingular algebraic subset of N and so ~ is an irreducible 
component of X by the preceding lemma. Since f = (g, h) is regular, so is g, and thus, also the 
restriction of g to ~. Since M is irreducible (because it is connected and nonsingular) and ~ is a 
regular local homeomorphism, ~ has dense image. | 
LEMMA 4.3. Let L, M and N be connected complex algebraic manifolds, and let h = (f, g) : 
N --* L x M be a regulax local homeomorphism. Then all the fibers of f and all the fibers of g 
axe overlap fibers. 
PROOF. By the conclusion of the previous lemma, g is topologically dominant (has dense image) 
on each connected component of a fiber of f .  Since any two dense open subsets of M intersect, 
every fiber of g must be an overlap fiber. By symmetry of the hypotheses, every fiber of g is an 
overlap fiber. | 
The following theorem is an immediate consequence of the Partial Properness Theorem (The- 
orem 3.2) and Lemma 4.3. 
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THEOREM 4.4. Let L, M and N be connected complex algebraic manifolds, let h = (f, g) : N --* 
L x M be a regular local homeomorphism, let A be a connected component of a fiber f - l (u ) ,  and 
let ~ : A --+ M be the restriction of g to A. Suppose that L and M are simply connected. Then h 
is a homeomorphism if, and only if, 
(1) ~ is proper, and 
(2) f is proper on all the connected components of fibers of g that intersect A. 
REMARK. For the same reasons, a Simple Univalence Theorem (see Theorem 3.1) for complex 
algebraic manifolds also holds without any overlap conditions. 
PROPOSITION 4.5. Let L, M and N be complex algebraic manifolds, let h = (f, g) : N ~ L x M 
be a regular local homeomorphism, let A be a connected component of a fiber f - l (u ) ,  and let 
: A -* M be the restriction of g to A. Suppose that M is simply connected. Then the following 
are equivalent: 
(1) ~ is proper; 
(2) ~ : A ~ M is a biregular isomorphism; 
(3) A is (abstractly) biregularly isomorphic to M and ~ is one-to-one. 
PROOF. The proof will show (1) =~ (2) ~ (3) =~ (1). Assume (1). Since M is simply connected 
and ~ is a proper local homeomorphism, ~ is a homeomorphism. Since it has dense image, it 
is dominant (in the algebraic sense). This implies that for all points in a Zariski open subset 
of M, the number of inverse images under ~ is equal to the degree of the extension of rational 
function fields C(A) : C(M) [14, Proposition 3.17]. Since the map is one-to-one, C(),) = C(M) 
and the map ~ is birational. The inverse of ~ (as a rational map) is then a rational map with 
no poles; hence, it is regular (cf. Zariski's Main Theorem (Smooth Case) [14, Proposition 3.20], 
and apply it locally). This yields (2). Obviously (2) implies (3). Assume (3), and let ¢ : M --* A 
be a biregular isomorphism. The composite map ~ o ¢ : M --~ M is a local homeomorphism and 
one-to-one. However, any one-to-one regular map of a complex variety to itself is onto [17]. But 
then the composite map is a homeomorphism and therefore proper, yielding (1) again. | 
When M = C, more can be said. 
PROPOSITION 4.6. Assume the hypotheses of the preceding proposition, and suppose, in addi- 
tion, that M is the complex line C. Then ~ is proper if, and only if, A is biregularly isomorphic 
to C. Fhrthermore, in that case h is one-to-one on A. 
PROOF. As before, h proper on A implies that A is isomorphic to C (and that h is one-to-one on A). 
If ¢ is a biregular isomorphism of C to A, then 9 o ¢ : C --~ C is a regular local homeomorphism. 
By the only case of the Jacobian conjecture currently known, namely the one-dimensional case, 
such a map is invertible. But then 9 is proper. Furthermore, 9 is one-to-one, so h is one-to-one 
on A. | 
REMARK. The above characterizations of properness on fibers can be plugged into Theorem 4.4 
to yield obvious corollaries. 
5. POLYNOMIAL MAPS OF C 2 TO ITSELF 
Throughout his section, let F = (P, Q) : C 2 ~ C 2 be a polynomial local homeomorphism, 
that is, a polynomial map with nowhere vanishing (and thus, constant) Jacobian determinant. It
follows from the results of the preceding section that F is a homeomorphism if one fiber P -  1 (u) 
has a connected component, A, that is a regularly embedded line in C 2 and all the connected 
components of fibers of Q that intersect A are also regularly embedded lines in C 2. However, 
considerably sharper esults are available in this case. They are obtained below without any use 
of Theorem 4.4. They do, however, involve the use of Proposition 4.6. Recall the following two 
known results. 
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PROPOSITION 5.1. (See [13].) I f  F is one-to-one on a line contained in C 2, then F is a polynomial 
automorphism (i.e., has a polynomial inverse). 
PROPOSITION 5.2. (See [18].) Let ¢ : C ~ C 2 be a regular (i.e., polynomial) embedding of the 
line into the plane. Choose coordinates for C and C 2. Then there is a polynomiai automorphism 
{3 : C 2 ~ C 2 of the plane, such that ~ o ¢ : C -+ C 2 is the map z ~-~ (z, 0). 
Gwoldziewicz actually proves his result for an arbitrary algebraically closed ground field of 
characteristic 0. His proof invokes the Epimorphism Theorem of [18] for such a field. This is 
Proposition 5.2, specialized here to the case in which the ground field is C. His proof generalizes 
easily to the following result, which is here derived from his using the Epimorphism Theorem. 
PROPOSITION 5.3. Let C be a complex curve in the plane C 2 that is the image of a regular 
(i.e., polynomiai) embedding ¢ : C ~ C 2. I f  F is one-to-one on C then F is a polynomial 
automorphism of C 2. 
PROOF. Let @ be as in Proposition 5.2. Then Fo  8 -1  satisfies the hypotheses of Proposition 5.1, 
so it is an automorphism, and hence, so is F. | 
The following fact is a consequence of the classification of nonsingular projective complex 
curves. It can be used to further extend the characterization f properness on fibers. 
PROPOSITION 5.4. (See [9, Lemma 1.5 and its proof].) Let X be a nonsingular, irreducible 
complex curve in C n. I f  the cohomology group H 1 (X, C) = O, then X is simply connected. I f  X 
is simply connected, then it is abstractly isomorphic to the complex line C. 
LEMMA 5.5. Let A be a connected component of a fiber P- l (u ) .  Then F is proper on A if, and 
only if, A is a regularly embedded line (i.e., the image of regular embedding of the line in the 
plane). Furthermore, in that case F is one-to-one on A. 
PROOF. This is simply Proposition 4.6 for the case L = C. | 
THEOREM 5.6. Let F = (P, Q) : C 2 -~ C 2 be a polynomiai map with nonzero constant Jacobian 
determinant. Let A be a connected component of a fiber P - l (u ) .  Then, for each such A, the 
following are equivalent. 
(1) HI(A,C) : 0, 
(2) A is simply connected; 
(3) A is a regularly (polynomiaily) embedded line; 
(4) F is proper on A; 
(5) F is a polynomial automorphism (has a polynomial inverse). 
PROOF. By Proposition 5.4 (1) =~ (2) ~ (3). Equations (3) and (4) are equivalent by the 
immediately preceding lemma. Furthermore, when they hold F is one-to-one on A, which is a 
regularly embedded line. By Proposition 5.3, it follows that F is an automorphism. Clearly, 
(5) implies (3), and hence, (1) and (2). | 
REMARK. Thus, F is an automorphism if there is a single A for which the conditions hold (and 
then, of course, they hold for all choices of A). This theorem can be considered an improvement 
on the results of Kishimoto and Nowicki, Stein, and Ch~dzyfiski and Krasifiski (see Section 2), 
because the conditions required to conclude that F is an automorphism apply only to a single 
connected component of a fiber (rather than to the whole fiber). 
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